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Abstract We consider a variational problem jnfy1 ) fQ{a5|Vu8|m + gluf|"™ —mfeu®}dx in a
bounded domair2 = F© U M) with a microstructure© which is not in general
periodic; a® = a®(x) is of order 1 in 7 and sup e a®(x) — 0 ase — 0.
A homogenized model is constructetb cite this article: L. Pankratov, A. Piatnitski,
C.R. Acad. Sci. Paris, Ser. | 334 (2002) 435-440. 0 2002 Académie des sciences/Editions
scientifiqgues et médicales Elsevier SAS

Un modéle non linéaire detype double porosité

Résumé On étudie un probléme variationnel jnfy1 ) fQ{aSIVuglm +gluf "™ —mfeu®}dx dans
un ouvert borné2 = 7 U M’ avec une microstructur&(®) non périodique u¢ =
a®(x) vaut 1 dansF®) et su. y ) a(x) — 0 lorsques — 0. Un modéle homogénéisé
est construitPour citer cet article: L. Pankratov, A. Piatnitski, C. R. Acad. Sci. Paris,
Ser. | 334 (2002) 435-440. O 2002 Académie des sciences/Editions scientifiques et
médicales Elsevier SAS

Version francaise abrégée

On considére le probléme variationnel (1), @U(x) est une fonction mesurable telle qu&(x) vaut
1 dansF® et SURepm a®(x) — 0 lorsques — 0. Dans le casn = 2 ce probleme peut modéliser la
densité d'un fluide faiblement compressible s’écoulant dans un milieu p&eecomposé de blocs (ou
matrices)M® entourés de fissure5®, @ = F© UM . Le domaine est un milieu dispersé vérifiant
les conditions (C.1), (C.2) avec des caractéristiques locales définies par (3), (4). Le résultat essentiel
est le Théoréme 1Soit u® € W (Q) la solution unique de1) avec f¢ € L™ (), m’ = m/(m — 1).
Si f¢ est nulle dansM© et converge verst dansL™ (F©), i.e., lim,o| f¢ — fll 7@ =0, alors
P. (1’ x 7)) converge vers solution unique du probléme variationn@) dans I'espacé." (). De plus,
la fonctionu8|u8|’"—2XM<g> converge faiblement vetsy = (b/g)u|u|” 2 dansL’"’(Q). La démonstration
du Théoréme 1vpir § 4) se decompose en trois étapes; elle utilise des résultats auxilizieg 3) :
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(1) On définit la fonctiorw;, (x) par (6) et on obtient (9). (2) Poyr®} suite de solutions du probleme (1)
qui converge vers une fonctiondans I (F)) on obtient (10). En raison de (9), (10), la fonctioest la
solution de (5). (3) Utilisant la forme explicite dg, (x), (6), on construit la fonctionj, (x) qui vérifie (15).
D’apres les Lemmes 1, 2 et les formules (15), (16) on déduit alors la convergence fajblegql’é‘zxM<g>
verswg dans 1" ().

1. Introduction

This paper deals with a model homogenization problem for high contrast media whose characteristics
can be described in terms of elliptic equations with a gradient nonlinearity. More precisely, we consider
the variational formulation of the Neumann boundary value problem for a nonlinear elliptic equation
generalizing the stationary version of the well-known “double porosity” problem. The classical double
porosity model involves linear second order parabolic equation that can be reduced, by means of the Laplace
transform, to a variational problem for a proper quadratic functiosee[3]). Here we study a similar
variational problem for a wider class of functionals given by (1) below. The problems of this kind describe,
for example, the combustion in a gradiently nonlinear medisee €.9., [13]) and also the non-Newtonian
flows in porous medissge e.g., [7], Chapter 4). The main feature of such models, in particular of the model
considered in this Note, is a high contrast ratio for the permeability tensor in the matrices set and in the
fissures system. The homogenized model in our case has an additional term related to the so-called source
term in the classical double porosity modsdé(5) and (8) in [3]). Most of the studies on the subject were
carried out in the framework of periodic homogenizatieed e.g., [2]), except in [4], where stationarity
and ergodicity are assumed for the random field describing the matrices set, and in [3], where due to the
variational homogenization technique used, there is no need to make any periodicity assumptions.

In this Note we extend to the nonlinear case the ideas proposed earlier $e¢8]go [9]) for the case of
linear problems in perforated domains.

Previously, a nonlinear periodic double porosity type model for a two-phase flow was investigated in [7],
Chapter 5. Various variational problems in porous media have been widely studied in the existing literature,
here we refer to [5,14] and the bibliography there.

Notation — We denote by a generic independent efconstantj| - ||, p and|| - ||§’1}) stand for the norms
in the spaces (D) and W-* (D), respectively. Alsop’ = m /(m — 1), andy re (x) andx yqe (x) are the
indicators of F¢) and M ©.

2. Setting the problem and for mulation of the main result

Let Q =F® U M® UdM® be a bounded domain iR" with piecewise smooth boundafg2, and
supposeF©) N M@ = ¢. Consider the variational problem:

J® [us] :/ {a’s(x)’Vuslm + g(x)|u8|m - mfg(x)ug} dr — inf, u® e WH(Q), 1)
Q

whose data satisfy the conditiongix) is a smooth strictly positive function 2; f¢ € L™ (Q) is assumed
to be zero on\®) and to converge in! (F)) towardsf, i.e.,
lim || 7€ = ] 0; )
e—0
af(x) is a measurable function that admits, for any 0, a®(x) > c¢(¢) > 0; moreover, O< ag < a®(x) <
agtin F© and sup. y e af(x) = af > 0,a° — 0 ass — 0.

m | F© =
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It is known (see[11], Chapter 5) that, for any > 0, there exists a unique solutieti € W1 () of
problem (1), and that® solves the Neumann boundary value problem for the corresponding Euler equation
div(a8|vu8|m—2Vu8) +g|u8|m—2 & _ f&“

Suppose thaf® ¢ Q is a disperse medium, i.e., the following assumptions hold:

(C.1) the local concentrations of the matrices seff®) and of the fissures patF® have positive
continuous limits, that is the indicators o¥1® and F® converge weakly in £(Q) to con-
tinuous positive limits. This implies that there exists a continuous fungtion > 0 such that
lims_olim,_.oh~"meagk; N F&] = p(x), whereKj =x + (-4, 4y" x e Q.

Notice that under this condition me&$” - 0 ass — 0.

(C.2) there exists a family of extension operatBgs. WL (F©)) — WL (Q) such that||P,v* ||(1)

C||v¢ ||fnl’f(5) uniformly in e > 0, andP,v® = v® on F®,

Remark 1. — Condition (C.2) (“strong connectedness condition”) has been introduced in [@] fo2
related to the case of linear operators. Later various extension conditions have been widely discussed in the
existing literaturegee e.g., [1,6,12]).

Instead of the periodicity assumption on the microstructure of the disperse media, we impose certain
conditions on local energy characteristics of the $&t8 and M ©).

Fory € Q we define:

— the functional associated to the energyrsf

E)9(p) = ig‘gfh_n /f(s)me {a® |V " + =77 [vf — (x — y, p)[" } dx, 3)
h

where 0< y < m and the infimum is taken ovef € WL (F© N K}));
— the functional associated to the energymt{®)

b =infn™ / {®(w®) +h™" 77 |w® — 1" g0 } dx, (4)

where® (w) = a®|Vw|™ + glw|™ x ps and the infimum is taken over® € W (K}).
The functionals (3) and (4) characterize the local averaged permeability of the fissures and local
accumulating properties of the matrices, respectively.
Our further assumptions are as follovier anyx €
(C.3) there exists limLolim,_ o Ef© (p) = lim,_olim._oE; “ (p) = A(x, p), with A(x, p), A(x,-) €
C#F(R"), B > 0, andA(-, p) € C(Q); moreoveru1|p|" 2§ > Ay, . (p)&i&; = 2l pI™2(E 12,
p1, u2 > 0;

(C.4) there exists lim_olim ,_, ob7

= lim—oliM,_ b}, @ = b(x) with b € C(Q).

THEOREM 1. —Letu® be a solution of problerfl), and assume that conditio(G.1)C.4)are fulfilled.
ThenP, (u® x £)) converges irL™ () to a unique solutiom (x) of

Jhomlu]l = / {A(x, Vu) + B(x)|ul™ — mf(x)p(x)u} dv — inf, ue WL (Q), (5)
Q
whereB(x) = (gp 4 b)(x). Moreoveru® |u® |~ x y 4« converges weakly ib™ () to wo = (b/g)ulu|” 2.

Remark2. — In the periodic and locally periodic framework the existence of the limits in (C.3), (C.4)
for m = 2 was obtained in [3]. Similar result holds far > 2. For example, let1®) be a periodic set of
balls of radiusre, r < 1/2, centered at points eZ”, a®(x) =a&e™ - xyq0 +1- xF@. Thenb(x) =b =
S gwlwl™=2dx with w = w(x) the solution of the cell problenadiv(|Vw|"~2Vw) — gw|w|"~2 =0,
xeM={xeR": |x|<r};w=1xe€dM.
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3. Auxiliary results

In this section we introduce functiori§ (x) and V;(x), which will be used to construct convenient
approximations for the solution of (1) iF¢), M® c Q.
The following assertions can be proved in the same way as Lemmas 4.1-4.4 in [10].

LEMMA 1.-Let(C.4)be satisfied. Then there are a :@f) C F® and a functiont} such that
(2) im0 measB”) = O(h/ "+,
(b) O ¥f(x) < 1;YE(x) =1forx € 7@\ B;
(©) Mo [o @Y w|™ dx < [, blw|™ dx +0(1), i — 0, for anyw € C*(Q).

LEMMA 2. -Let(C.3)be satisfied and Ielﬁf) be the set defined in Lemmaw € C?(2). Then there
are a sefD,(f) C Q and a functionV; = V; (x, w(x)), V| € WL (Q) such that
@) B\ c D\, Tim._.o meagD\”) = o(1), h — O;
(b) maxeq |V (x) —wx)| < Ch; o
(©) lim._o fD}f)UM@) a®IVVi|"dx =0,lime 0 [£e a®|VV " dx < [ A(x, Vw) dx 4+ 0(1), h — 0.

LEMMA 3.-Let (C.4) be satisfied. Assume that a sequeficd c WL () converges inL" (F©)
tou € C3(Q), and [, {a®(x)|Vu|™ + [u®|"} dx < C. Then there are a séf® ¢ @ and M© c B®), a
functionz? (x) and a subsequeneg — 0 still denoted by such that
(@) lim._.omeas3\”’ =0, whereB\") = B n F©:;

(b) @ (x) = u® (x) for x € F7©\ B andlim,_o [|a |V 0;

m,B(ls) =
(©) liMe—so [ @) dx > [o b(x)|u(x)|™ dx.

4. Proof of Theorem 1

Consider the variational problem (1). Sindé’[0] = 0, we haveJ®[4°] < 0. Now (2) and (C.2)
imply that the sequencfP, (u® x z« )} is uniformly bounded in V™ (Q). Therefore, one can extract a
subsequence weakly converging it M) to u € W (). Let us show that is a solution of (5).

Let w € C2(Q) and letY; (x), V£ (x) = V¢ (x, w(x)), B,(f), fo) (B}ls) C D,(f)) be the functions and the
sets defined in Lemmas 1, 2. Consider the function

wp(x) =V} (x,w(x))Y;f(x). (6)
It is clear thatw; e WL (Q). Sinceu® (x) is the solution of (1), we have
J® [u] < J® [wh]. 7
It follows now from Lemmas 1 and 2 that
ﬁ)/ {a® )| Vwj " 4+ g(x)|wj " } dx < / {A(x, Vw) + B(x)|w|™ } dx + ja(e, h), (8)
e—=>0 /@ Q

wherelim,_.qj1(e, k) = o(1) ash — 0. Finally, (2) implies the inequality
fim 7 [u*] < Jnomlw] ©
£—
for anyw e C?(Q2). Then it is clear that (9) holds for any € WX ().
Let us show now that if a sequenp€g} converges in I* (F©)) to u € WL (Q) then
lim 7 [u®] > Jnomlul. (10)

e—0

To this end we approximateby us € C2(2) verifying |jus — u||fnlfQ < §. The sequencg:®} converges
in L™ (F®) to u, then it is clear that there exists a sequeficg C WL (Q) that converges tas in the
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same sense and
/ {a®|V (u§ —u®)|[" + |u§ —u®|" } dx < C8™; / {a®|Vu§|" + |u§|" } dx < C. (11)
Q Q

Now from (11) and the inequalityA (x, u®) — A(x, u§)| < C(L+ [Vu®| + |Vu§|)m‘1|V(u8 —uj)| (see
[12]), we see that (10) immediately follows from
lim 7 [u§] > Jnomlus]- (12)
e—0
Apply Lemma 3 tou§(x) andus(x). Then there are a s&®) and a functioni§ € WL (Q) such that
M® c B®, a8 (x) = u(x) for x € F© \ B® and relations (a)—(c) of Lemma 3 hold. It is clear thgt
converges in I*(F®) to us.
Cover @ by cubesk; = x* 4 (=h/2,+h/2)" centered at point&Z” and consider the function
vE(x) = a5 (x) — us(x®), x € K¥ N F® c Q. Sincei§ converges in I'(F®) to us, by the definition
of the functionaIEXa(g) and Lemma 3 we get

Z/ a(x)|vag|" dx > ZE" ©(Vud) +0(1), ash—Oandi>e,  (13)
(FO\BE)NKE

whereVu§ = Vus(x%). By the definitioni§ (x) = u§ (x) for x € &)\ B®, therefore,
J(s) ZEh (6) Vua + Z/ u(; dx +/( (ug) dx + jo(e, h), (14)

whereG (u§) = |u§|™ — mfgua, j2(e, h) =0(1) ash — 0 andh > ¢. We fix § and pass in (14) to the limit
ase, h — 0. We obtain (12), and, therefore, (10). It follows from (9), (10) that‘ifthe solution of (1)
converges in I*(F®)) to u, thenu is the solution of (5).

It remains to prove thai® |u®"~2x e converges weakly in' (Q) to wo = (b/g)ulul™ 2. Let uf,
be the function defined by (6) witly = u, whereu is the solution of (5). Then it follows from (9), (10)
that lime—0 J @ [uf] = lim._0J©[u®] = J[u], whereu® is the solution of (1). Now using the inequality
Fu+v,p+q) > F(u,p)+60m)F(v,q) + Fp(u, p)gi + Fu(u, p)v, with F(u, p) = |p|" + [u|™ and
0<6(m) <1we get

(F)mKDt

tim [, ), =0 15)

Let w; m(x) be the minimizer of (4) and suppose that ¢(h) | 0 ash — 0. Denote by, the function

inverse tos(k) and setw?® (x) = w,i(s)(x) for h = h.. Consider the Euler equation corresponding to the
functional (4), by condition (C.4) we get

||m h; / gXM(a)wy(8)|wy(8)|m_2 dr = b(y). (16)
e—0 K;fg

Now the weak convergence of |u|" =2 x y (e in L™ () to wo = (b/g)ulu|™ 2 follows from (15), (16),
and Lemmas 1, 2. Theorem 1 is proved.
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