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Abstract

The paper deals with the asymptotic behaviour of spectra of second order self-
adjoint elliptic operators with periodic rapidly oscillating coefficients in the case
when the density function (the factor on the spectral parameter) changes sign. We
study the Dirichlet problem in a regular bounded domain and show that the spec-
trum of this problem is discrete and consists of two series, one of them tending
towards 400 and another towards —oo. The asymptotic behaviour of positive and
negative eigenvalues and their corresponding eigenfunctions depends crucially on
whether the average of the weight function is positive, negative or equal to zero.
We construct the asymptotics of eigenpairs in all three cases.

1. Introduction
The paper focuses on the homogenization of the Dirichlet spectral problem

—div (a (;—C) Vu) =p (;—C) Au in 2, n
u=0 onaf2,

stated in a regular bounded domain §2 C R”" for a second order symmetric uni-

formly elliptic operator
L8 =div (a ()—C) V)
e

with periodic rapidly oscillating coefficients, € being a small positive parameter.

Regarding the density function, p, we assume that it is periodic and changes
sign, that is, both the sets {x € 2 : p(x/e) <0} and {x € 2 : p(x/e) > 0} are
of positive measure. The last assumption makes the problem under consideration
nonstandard.
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Some of the results of the paper are generalized to the case of formally self-
adjoint elliptic systems with periodic coefficients.

It was shown in our preceding work [11] that for each ¢ > 0 the spectrum of
(1) is discrete and consists of the following two infinite sequences

and

0<,\§'+§x§’+§-~-§,\?+§m, lim xj’+=+oo,

Jj—o00

0> ZA" =2+

v

A

v

o <, lim A% = —oo.
J j—o00 J

The asymptotic behaviour of the eigenpairs depends crucially on whether the aver-
age of p is positive, negative or equal to zero. We further construct the asymptotics
in all three cases.

L.

IL.

III.

If the average of p is strictly positive, then the positive eigenvalues and the
corresponding eigenfunctions show the same regular limit behaviour as in the
case of point-wise positive spectral density. Namely, forany j = 1 the eigen-
value A’;’+ converges, as ¢ — 0, to the jth eigenvalue of the limit spectral
problem. The corresponding eigenfunctions converge along subsequences.

If the mean value of p is equal to zero, then the limit spectral problem gener-
ates a quadratic operator pencil, and the eigenvalues Aj.’+, j=12,..., are

of order 1/¢ so that the normalized quantities e)\j’+ converge to eigenvalues
of the limit spectral problem.
For p having negative average the positive eigenvalues Aj.’+ tend to infinity at

the rate 1/¢2, and the corresponding eigenfunctions prove to be rapidly oscil-
lating. In this case we use the factorization technique in order to construct
the eigenfunctions asymptotics. The eigenvalues )»j.’+ admit the following
representation

)»S’+

1
i = gmtK +o(1),

where ] is the first positive eigenvalue of the periodic spectral problem

div(a(y)Vv) = up(y) v,

and «; are eigenvalues of the limit Dirichlet spectral problem with constant
coefficients, the limit operator being different from the homogenized opera-
tor of A®.

Under some additional assumptions on the Bloch spectrum of the studied peri-
odic operator, this result can be generalized to divergence form formally self-adjoint
elliptic systems possessing the so-called polynomial property. This analysis requires
applying Floquet—-Bloch theory; we deal with elliptic systems in the last section of
the paper, where we provide all the necessary definitions.

The study of the negative part of the spectrum is reduced to that of the positive
part, if we replace p with —p.
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Previously, a spectral problem with sign-changing density for the Laplace
operator has been considered in [15]; in this work the limit behaviour of the spec-
trum has been studied under the assumption that the density consists of a fixed
positive part and asymptotically vanishing negative part. The limit behaviour of the
spectrum of the Dirichlet problem for a divergence form self-adjoint elliptic system
with periodic coefficients in the case I, IT has been studied in [11], however, the
most irregular case of oscillating eigenfunctions has not yet been considered.

There is a vast literature on homogenization of spectral problems in the case
of point-wise positive weight p. These problems have been studied in [9,10] and
then in many other papers. The homogenization of spectral problems in perforated
domains has been studied in [17] followed by many other works on the subject.
The limit behaviour of a spectrum of an elasticity system in a perforated domain
has been considered in [20]. In [5] the authors have generalized the results obtained
in [20] by making weaker the assumptions on the regularity of the inclusions and
external forces.

The spectral problems for locally periodic symmetric second order elliptic oper-
ators with large potential have been studied in [1]. The work [2] dealt with the
asymptotic behaviour of a spectrum for a periodic symmetric elliptic system with
large potential.

In the present paper we construct and justify the asymptotics of a spectrum
for all possible values of the average of p. Some of the obtained results are then
generalized for symmetric elliptic systems.

2. Problem setup

Let £2 be a C%% bounded domain in R? with a boundary 9£2. We consider the
following spectral problem:

LEuf(x) = —div (@®*(x)Vub (x)) = p® () fuf(x), x € £2, @)
ué(x) =0, X € 082,

where
aE(x) = a (g) L Pt =p (z) Ce>0

Here a(y) is a symmetric d x d matrix satisfying the uniform ellipticity condition

d
> aij(&E; Z AlEP, £ eRY,

i, j=1

for some A > 0. We assume that ¢;;(y) € L°(Y) are periodic functions (from
this time onward Y denotes the periodicity cell); p(y) € L°°(Y) is Y-periodic and
changes sign, thatis, the sets {y € Y : p(y) <0}and {y € Y : p(y) > 0} have
positive Lebesgue measures. The weak formulation of spectral problem (2) reads:
to find A® € C (eigenvalues) and u® € HOl (£2), u® # 0, (eigenfunctions) such that

ac(uf, v) = A5 (pu’, v)g, ve Hy(R), A3)
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where ag(u,v) = (a®Vu, Vv)g is a bilinear quadratic form; (-, ) is a scalar
product in L2(£2). Since function p® changes sign, problem (3) is not a standard
spectral problem, and the existing results on the spectrum of semi-bounded self-
adjoint operators with compact resolvents do not apply. To overcome this difficulty,
we reduce the studied problem (3) to an equivalent spectral problem for a compact
self-adjoint operator.

Denote by H a space Hé (£2) equipped with the norm

lully = (u, u) = ae(u, u). “)

The bilinear form (p°u, v) on H defines a bounded linear operator K¢ : H — H
such that

(p°u, v) = (Ku, v).

By definition, the operator K¢ is symmetric and its domain D (K?) coincides with
the whole space H, thus it is self-adjoint. Using the representation of Kfu as a
solution of the boundary value problem

[ —div (a®* (X)) V(Kfu(x))) = p(x) u(x), x € £2, )

Kéu(x) =0, x €052,

and the compactness of the imbedding HO1 (£2) in L2(£2), one can see that K¢ is a
compact operator.
In terms of the operator ¢, problem (3) takes the form

Kéu® = pfu®, p®=1/2%. 6)

Remark 1. Note that in the case p(y) = 0 the operator K¢ is positive and its spec-
trum o (K?) belongs to the segment [0, k°] C R, k¢ = ||K?||. Moreover, u® = 0
belongs to the essential spectrum o, (K?).

Recall that the essential spectrum of a self-adjoint operator A is by definition
0e(A) = 0,°(A) Uoc(A),

where G;;O (A) is a set of eigenvalues of infinite multiplicity and o.(A) is the con-
tinuous spectrum (see, for example [4]).
The spectrum of the operator K¢ is described by the following statement.

Lemma 1. Let p(y) be such that the Lebesgue’s measure of the sets where p is
positive and negative is greater than zero, in other words,

{y:p(y) =0} >0. (7

Then o (K?) C [—k®,k®], k® = || KC?||; the point u = O is the only element of the
essential spectrum o,(K?) (see, for example [4]). Moreover; the discrete spectrum
of the operator K¢ consists of two infinite monotone sequences

,+ ,+ ,+
iyt zust z ez pt 20— 40,

N e
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Proof. Since the operator K¢ is compact and self-adjoint, its spectrum o (K?) is a
countable set of points in R which does not have any accumulation points except,
maybe, for 1 = 0. Every nonzero eigenvalue has finite multiplicity.

Let us show that the families {u;’i} are infinite, and thus converge to 0. We
make use of the minimum principle (see [4]) which implies that the eigenvalues
,ui.’i can be found from the formula

s = max (K% u, u),

(u,u)y=1

where the minimum is taken over vectors u € H which are orthogonal to the linear
span of {ui’i}i;i, and uj‘i is a point on the unit sphere in 7 at which the minimum
is attained. In particular, for the first negative eigenvalue ,u‘i’* we have

pwy” = min (K°u,u) = min 1(,o‘gu, we.

i, i

Due to our assumption, the measure of the set M = {x € 2 : p°(x) < 0}
is positive. Denote by x (M7) the characteristic function of M7, and let ¢ be a
Co°(R™) function such that ¢ = 0, o(x) = 0if x| = 1; [, ¢(x)dx = 1. We set
@s(x) = 87"@(x/8). Then x5(M7) = x (M7) * ¢s converges to x (M}) in L(£2)
as 6 — 0. As usual, the sign “ * " indicates the convolution of two functions, that
is

xo (M) = /Rd X (M) (x = 295 (2) dz.
If we choose a constant ¢g such that

¢ (xs (MF) . xs (MF)) = 1,

then the function cpxs(M7) can be used as a test function in the expression for
ny ", and thus

w7 = (0% (M7) s (M5)) g 55 6 (0 (M) x (M) o

Hence, in view of definition of the set M, the last expression implies u7'~ < 0.
The second eigenvalue can be found from the formula

py~ = min (K°u,u)= min (p°u,u)e.
(u,u)=1 (u,u)=1
(u,ui’7>=0 (Ll,tli’7)=0

It is not difficult to see that the set
O ={we Hy(2): (w,ui™) =0, (p°w, w)e < 0}

is not empty. Indeed, it suffices to consider two functions in HO1 (£2), say ¥{ (x) and
Y5 (x), with disjoint supports such that (p®¥{, ¥§)2 < 0 and (p*¥5, ¥5)e < 0.
Choosing a suitable linear combination y;y{ + 25, one readily gets an element
of @. This yields u5~ < 0.
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In the same way, one proves that for any m = 1 the set
{u) € H(}(Q) C(pfw, w)e <0, <w, ui_> =0,k=1,. ..,m}

is not empty. Thus, we have shown that 1%~ < 0 for any j.
Due to the compactness of K¢, for any & > 0 we have

lim ;57 =0.

J—00

Similar arguments for positive eigenvalues ujﬁ+ give the desired statement. Lemma 1
is proved. O

Taking into account the relation /Ljfi =1/ Aj’i, we obtain the following theo-
rem.

Theorem 1. Under assumption (7), the operator L has a discreet spectrum which
consists of two sequences

&+ <y 86+ L. <&t
0 <At <A <

[IA

_)_{_007

=
&,— &,— &,— ®)
0>A7" 24y EZ)»] > —00.

£,

The corresponding eigenfunctions u * satisfy the orthogonality and normalization

condition

~

(i ™) = 81 ©)

3. The case (p) > 0: formal asymptotic expansion
We represent a solution (A?, u®) of problem (3) in the form

uf (x) = u0(x) + eN () TVU0 () + 2w(x, y) + -+, y= g
A =204 (10)

here N(y) and w(x, y) are Y-periodic in y. Let us substitute ansitze (10) into (2)
and collect terms which are power-like with respect to ¢. This yields the following
problems on the periodicity cell Y:

—divy(a(y)VyNi(y)) = divyar(y), k=1,...,d, y €Y,

Ny € H{(Y), an

where a.r is a kth column of the matrix a(y),

—divy(a(y)Vyw(x, ) = dive(a(y) Veu®(x)) + 1°0 (3)u’ (x)
+divy[a(y)Vy (N () TV ()1 4-divy [a(y) Ve (ND) TVl ()], yey,
w(x, y) is periodic in y.

(12)
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If the mean-value of the right-hand side in (12) is equal to zero, then a solution
of periodic problem (12) exists and is unique up to an additive constant (see, for
example, Section 1.1 in [21]). The compatibility condition in problem (12) reads

[ {avs @ a0y + 2% 0 + dive [a) 9, V)T Vi)
Y

+divy [a(y)Vx(N(y)Tquo(x))]} dy = 0.

From the last equality one derives the following equation for 19 (x):

[Ehomuo(x) = —div(@"™ViO(x)) = A%p)u’(x), x e 2, (13)

uO(x) =0, X €982,

where the constant matrix "™ has the form
@ = [ [a) +am9,80)"] . (14)
Y

in other words,

ai*}"m=/Y[ai,~<y)+a,~k(y>aykN,-(y)] dy, ij=1,....d

This matrix "™ is symmetric and positive definite (see, for instance [21]).

In view of Remark 1, Dirichlet problem (13) has the discreet spectrum

0<)L(1),+<)\g,+§”.§)h(;,+

A

- — 400. (15)

Note that the first eigenvalue k(l)’J“ is simple (see, for example, [8]). The correspond-
ing eigenfunctions can be chosen to satisfy the orthogonality and normalization
condition

0, 0, 0, 0, 0, ..
(ahomVui +,Vuj +) = (p) ‘)‘i +‘ (“i +,uj +)Q =68, i,j=1,....d.

(16)

2

Remark 2. Since §2 is a C>% domain, and the homogenized equation in (13) has
constant coefficients, then u(/).’+ are CM(.Q) functions (see [8]). Moreover, in the

interior of the domain 2 the eigenfunctions u(},+ are C functions (see [8]).

The next statement characterizes the asymptotic behaviour of the positive part of
the spectrum o (L£?) as ¢ — 0.

Theorem 2. Assume that a;j, p € L°(Y) are periodic functions, and (p) > 0.
Then the following statements hold true:
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1. Let )»(j).’+ be an eigenvalue of the limit spectral problem (13), and assume that

the multiplicity ofk(} is equal to %j.', %t 21, so that A?’_Jrl < )\(;# =20% =

J jHr =
c=07 + A0F +. Then there exist ¢; > 0 and a constant cj such that
]+%j —1 2] J J

J
for %;“ eigenvalues )C;’Jr, R

&+
)L./-Q-%}*'—l

of problem (2) and only for them the
inequality holds

q

Aot — A?’+‘ < cjel/z, e €(0,¢)).
Moreover, forq & {j, j+1,...,j+ %;“ — 1} the inequality holds

At — 201 > 6

j = %] 86(0’8])a

with some ¢; > 0.
2. There exists a unitary %}F X %}F matrix 8¢ such that
j+%;."—1
+ et 172 _ : +
u'y —Z BipUs <Cje'l?, p=Js-njtox =1 (A7)
k=j
H'(2)

where
Ur~) = ud T (x) + e N° @) T V) T (). (18)

Here N¥(x) = N(x/¢), the vector-function N(y) is a solution of problem (11);
the eigenfunctions uk’+ of limit spectral problem (13) satisfy normalization
condition (16). _

“Almost eigenfunctions” {U. ,f Y are “almost” orthogonal and normalized in
the sense of the following inequality:

(Ot Uf Ty = S C6'2 (19)

Remark 3. Since )‘(1)’+ is simple, then by Theorem 2, for sufficiently small ¢ the
eigenvalue A§’+ is simple, as well.

Theorem 2 can be also reformulated as a convergence result.

Corollary 1. For the positive eigenvalues (8) and (15) the following convergence
result holds:
&,+ 0,+
Aj — A PR g 0.
If )»(;’+ is simple, then )»j’Jr is also simple and the corresponding eigenfunctions
satisfy the relations:



Homogenization of Spectral Problem for Periodic Elliptic Operators 755

o utt —— u%t strongly in L2(2);
J es0 J
° utt — S(Ns)TVMQ’+ —u%t strongly in H'(£2);
J J eso
° aSVuj.’+ —O> ah"mVu(J).’+ weakly in L*>(82), where (-) denotes the
£—

mean value over Y.

The proofs of Theorem 2, as well as Corollary 1, are similar to the proofs of
the corresponding statements in the case (o) = 0 but a little bit less technical, that
is why we omit them here.

Remark 4. Theorem 2 also applies to the negative part of the spectrum in the case
(p) < 0. Indeed, it suffices to replace p with —p in (2).

4. The asymptotics of the spectrum in the case (p) =0

4.1. Preliminary notes

We begin by estimating |)\‘i’i| from below. Multiplying the equality £8u§’+ =
AU pfuy™ by ul ™ and integrating the result over £2, we obtain

2
/ (Vi ®) Tat (Vuit) ax :Ai*/ p° (45 d, (20)
2 2

Since (p) = 0, there is a periodic vector-function J € (L3°(Y))" N (H# (Y))" such
that p(y) = divJ(y) and (J) = 0. This yields

2
W [t (@) e =20 [ uteos (2) TVui s
I?) 2

e
< Cs)ﬁi’*’/
2

Combining this inequality with (20), we conclude that

2
&,+ &,+ &,+ &,+
u; ()| |Vub x‘deCS)\’ HVM‘ .
1 ()H CY = 1 L V177))

)fi’+ >ce” !, ¢>0.
Similarly, [ 7| = ce L.
Let us show that if (p) = 0, then
EE < ceml

To this end we use the variational principle (see, for example [4]):

AE = 4 min /VTv(x)ae(x)Vv(x)dx. (21)
(pgv,vue)gzil 2

Denote

Ve (x) = c@(x)[1 4+ ep® (x)],
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with ¢ € C3°(£2), ¢ # 0. We choose the constant ¢® such that
1= (c)? / 5 (X) (9(0))2[1 + 2ep° (x) + £2(p° (x))*] dx.
Q

Using, again, the representation p(y) = divJ (y), neglecting the terms of order &2,
and integrating by parts, we obtain

1

(")’ / {aiv (2) (@) + 200 @) 20 + 0(e)] dx

—(e)? [s [ () v a2 [ oreorewy? dx+0(e2>].
2 € Q
22)

Since (J) = 0, each component of this vector-function admits the representation
Ji = divJy, where J are periodic vector functions. This allows us to integrate by
parts in (22) once more and to derive

1= (2 (260029122 g, + OD)

Therefore,

)= (2602 ¢l q))  +O).

Taking v® as a test function in (21), one sees that
Xi’+ < / VI (x)a® (x) Ve (x)dx < Ce™ 1.
Q
The negative eigenvalue )ﬁ’_ can be estimated in the same way.

4.2. Formal asymptotic expansion

Bearing in mind the estimates from the previous subsection, we are looking for
a solution of problem (2) in the form

™| =

uf(x) =uO(X)+8u1()€,y)+82u2(x,y)+... , y= o

AM=elv4.,

where v, uo(x), u1(x,y) and ur(x,y) are to be determined. We suppose that
ui(x,y) and us(x, y) are Y-periodic in y. Substituting asymptotic ansitze (23)
into (2) and collecting terms of order ¢ !, we obtain the following equation for the
unknown function u(x, y):

—divy (a(y)Vyui(x, y)) = divy (a(y) Vet (x)) + vo(Mu’(x), y €Y,
ui(x,-) € H#(Y).

Note that, since a(y) is periodic and (p) = 0, the compatibility condition is satis-
fied and the last problem has a unique solution of zero average. The specific form
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of the right-hand side of the equation suggests the following representation for the
solution:

ur(x, ) = NV’ 0) + vNO (1)l (x).

Thus, the unknown vector-function N and the function N solve the problems

—divy @) Vs Ne(y) = divyar(y), k=1,....d, ye¥, o
Ni € H(Y),
where a. is a kth column in the matrix a(y),
—divy (a(»)VyN(y) = p(y), y €Y,
0 1 (25)
N¥ e H,(Y).

Notice that the compatibility conditions in problems (24) and (25) are satisfied.
Then, collecting the terms of order £°, we get an equation for the function
uz(x, y) on the periodicity cell Y, namely

—divy (a(y)Vyua(x, y)) = divy (a(0) Vi (N () TV, (x)))

+vdivy (a()Viul ()NO(y)) + divy (a(0)VyN () Veu® (x))

+vdivy (a(y)Vy N (»)u®(x)) + divy (a(y) Veu®(x)) (26)
Fup(MNW TVl (%) +v2p (N (Mu’(x), yevY,

ur(x, ) € Hi(Y).

Owing to the periodicity of the matrix a(y), the vector function N(y) and the
function N°(y), we have

/Y divy (a() VN ()T 7e@) + v divy (a() Ve @NO(0) dy = 0.
Thus, the compatibility condition in problem (26) reads
divy [ /Y (a(y) +a(y) VyN () dy vxu%o]
+v divy I/Y a(y)VyN°(y)dy uo(x)]
+v /Y PN dy Vo (x) 42 /Y p(MN°(y) dyu’(x) =0. (27)
Let us rearrange (27) using equations for N and N°:
[ po N ay = = [ div, (atr)v,8°m) NI dy

- /Y VTN () a(y) Vy N ()T dy, (28)
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div, { [ aw vyNO(ymyuO(x)] = —div, [ [ divva) No(y>dyu°(x>}
= div, [ /Y divy (a()V,NG)T) N0 dy u°<x)]
= - /Y ViN’(a(y) VyN(») " dy, (29)
[ o) Nyl = =2 [ div, (a)VN ) NG dyilo)

=2 / VIN () a(y) VyNO (y) dy u®(x) = v i u®(x), (30)
Y
where we have set
K? = /Y VIN(y)a(y) VyN°(y) dy. 31

Notice that the sum of the right-hand sides in (28) and (29) is equal to zero. Con-
sequently, (27) (supplemented with an appropriate boundary condition) takes the
form

[LhOmuo(x) = —div, (a""V,u0(0)) =122l (x), x e 2, 32)

u(x) =0, x €082,

with a positive definite symmetric homogenized matrix ¢"™ defined by the formula

"™ = /y (@) +a() VyN() dy. (33)

Although (32) is a spectral problem for a quadratic operator pencil with respect
to v, it is not difficult to characterize its spectrum introducing the new spectral
parameter T = v, Indeed, the spectrum of (32) consists of two sequences

0< v(l)’+<v3’+§~--§v9’+§~-~—>+oo,

0,— 0,— 0,— G4
0> v >y §~-~§vj’ > = —00.
with v;)’f = —v?’J“, j = 1,2,..., and with the corresponding eigenfunctions
u?’+ = u(])f_. In what follows, omitting the indices £, we will denote them u(}. The
notation s¢; will be used for the multiplicity of v?’i.

For the eigenfunctions u(]). we choose the following orthogonality and normali-

zation condition:
h 0 0 00,2 (0 0
(a OmVui,Vuj)Q~|—vi s (ui,uj)Q =68 335)
Although, at first sight, such a choice seems to be odd, it ensures the convergence
of energies. It should be noted that the first positive and negative eigenvalues v?’i
are simple.

Remark 5. Since £2 is a C%%-domain, then, as in the case (p) > 0, u(]). are C29(82)-
functions (see [8]). Moreover, in the interior of the domain £2 the eigenfunctions
u? are C°°-functions (see [8]).
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4.3. Justification procedure in the case {(p) = 0

Let v?’i be eigenvalues of the operator pencil (32) of multiplicity s; that is

0,+ 0+ _ 0+ _ _ 0,+ 0.+ 0 .
:l:vj_1 < :i:vj = :I:vj_H e ivj+%j—1 < :I:vj+%j, and {up}, p =]

.., J + x; — 1, be the eigenfunctions of the limit spectral problem (32) corre-
sponding to v(/.)’i. We denote £2, = {x € £ : dist(x,92) = y}. Let x, be a
cut-off function which is equal to 0 in §2 \ 2., h > Vd, equal to 1 in £29j,, and
is such that

0 () =1, |Vxex)| S Cel. (36)

The justification procedure will rely on the lemma about “almost eigenvalues
and eigenfunctions” (see, for example [12,18,20]).

Lemma 2. Given a self-adjoint operator K¢ : H — H, letv € Rand v € H be
such that

vl =1, §=IK°v—vuvllp < [v].
Then there exists an eigenvalue jij of the operator K¢ such that

|uf —v[ = 6.

Moreover, for any §1 € (8, |v|) there exist coefficients {b;} € R satisfying

<28

HT 8

’

& &
H“ D bius

where the sum is taken over all the eigenvalues of the operator K¢ in the segment
[v—3481,v+681], and {uj-} are the corresponding eigenfunctions orthonormalized

in H. The coefficients b; are normalized by Y |b§ =1

For an arbitrary p € {j, ..., j + s; — 1}, denote

UE=(x) = ul() + & 1o (0) N (g) TVu5 ) +ev)* NO (g) W), (37)

where N (y) and N 0 (y) solve problems (24) and (25), respectively. The normalized
functions Z/lf,’+ = ||Uf,’+ ||7.__[1 Uf,’+ and the numbers 8(V;-)’+)_1 will play the role
of v € H and v € R in Lemma 2. Notice that Vu(;, need not be equal to zero on
the boundary 0£2; the cut-off function has been introduced in order to make the
approximate solution (37) an element of the space H.
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We are going to estimate

HICE Z/{;’i — zs(v;)’i)*1 Z/{;’iH = sup ‘(/Cs U;’i - s(v?’ifl Z/{;’i, v)‘
H veH
(.0)=1
=) TNUSEI sup |70 K U — U )|
veH
(v,v)=1
=1 -1
) ULy, sup
veH
(v,v)=1

_ 0,£\—1 e, -1 erre,+ _ —1 0,E£ ¢ 76+
=0 U1y sup )(L UsE — o710 pf Ut v)g‘

_ 0
= e(v;

e,+ _ —1.0,+ & rre+
ag(Up ,V) — €& v; (,o Up ,v)g‘

J

(v,v)=1

HTUSE sup \e—luf,v)g+e°<1§,v>g+el<1§,v>g
veH

(v,v)=1

.0
= s(vj

)

where
1§ @) = {=div, [a0) VN ) Vg () | 7e(0) = div, [a0) Vi) |

0,£ 5. 0,£
v E divy [a VN0 @] = e |

— divya.;(y) axiu(l)](x) a- Xg(x))‘y:x/a ;

I3 (x)

[dive [am VN 0) VS0 | e ()= Vi 1o () a () VLN () Vi ()
_v?,j: div, [a(y)VyNO(y) ”(z):(x)] — div, [a()’)Vu(,),(x)]
) 1 V)T Vaalh ) = 05 oI N f|

150 = {=[dive +e7div, | (Ve (N T Vb )))

0% [divx n e’ldivy] (a(y) N(y) Wg(”)}‘yzx/g '

Integrating by parts, and considering the regularity of ”(1)7’ we obtain

e () =7

| eV =) v @ (3) dquco dx
Sa [ el 9w (1 ) dx
$£2\82he
L I A
2\2pe

By (36), Lemma 3 formulated below, and the Cauchy—Bunyakovsky inequality, we
get

e (1. v) | < CVE (38)
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here we have also used the fact that the measure of §2 \ §2, is of order €. The proofs
of the following auxiliary inequalities of Hardy’s type can be found, for example,
in [12].

Lemma 3. Let v € H) (£2). Then

vliz26e,) = C VY IVVIL2@):
iz @0, = Cv IVl @)

Denote by W;’OO(Y) a space of periodic functions v with the norm
||v||W;,oo(y) = |[vllLeery + IVl Loo(y).

Lemma 4. Let (g) be the mean value of g over the periodicity cell Y, f € H'(£2)
and g € L*(Y) (or, alternatively, f € W,i’OO(Y) and g € L' (Y)). Then the follow-
ing inequality is valid:

[ s () et [ roas
2 & 2

with the corresponding norms of the functions f and g, the constant C does not
dependon g, f and g.

s Cellfilgl

The proof of Lemma 4 can be found, for example, in [6,11].
In order to estimate (15, v) we rearrange 128 as follows:

15(0) = = {divi [a)V, N ) Var§ ()| + div [a () Ve )
+0) % divy [a@) TN ()| + )50 0) N T Vi ()

+ 02 () NG o} | s

= [ dive [avi N ) ui@] +div a0V 0

FOFE PN ]| (1= et

~ V@ aW VNG Vo) |
= {0 100 + f500 (1= () + 5 (0

Since the expression in the braces has zero mean [see (27)], we, by Lemma 4, have

|(ff xe.v) | S Ce. (39)

Taking into account the boundedness of the coefficients, Remark 5, formula (36)
and the properties of N as a solution of (25), one can check that

0
(£ (1= %), v) | = CVEIVYN 202y V] 22020200
+C12\ 2nel ' Il 2002, = C 0] g1 (0)-
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Here |2 \ £2),¢] is the Lebesgue measure of the set £2 \ §2),.. By similar arguments,
we derive the estimate

12
|(f5 Ve v)g| = Ce™! (/9\9 IVyN)TP? / dx) Ioll22\2p0)
he y=x/¢e

S CVe vl g

Consequently,

(15, v) | = C Ve (40)

In view of (36) integrating by parts yields

|8(1§,U)Q| <e

/ VTu(x) a® (x) Ve (x) NT ()—‘) Vu(]),(x)dx‘
2 &

+¢

/ VTu() @’ () Vi (V)T Vi ()| o e@)dx
2 y=x/¢

+&

T e 0 o(X
/QV v(x)a®(x) Vup(x)N (;) dx

< C IR\ 2nel 1Vl 2(0) + Cel VUl 20

Finally,

le (I5.v) | < C Ve 41

Lemma 5. “Almost eigenfunctions” Z/{f,’i = ||Uf,’jt||;(1 U;’i, p=1J,....]+
»j — 1, where Uf,’i is defined by (37), are "almost orthonormal". Namely, the
following inequality holds true:

((“Z’i’”z?ﬂ - 5/74‘ <Ce pg=j,....j+x—1 (42)
Proof. 1. First, we calculate the gradient of the function Uf,’i:

VUEE(x)= {qu(,),(x)-i-VyN(y) Vo (x) + vV NO () u(,’,(x)} ‘yzx/s Xe (x)

te VeV O Vet 0) ) VN ) @] | )

y=x
+ (v 0 + 059, N 0} (1= e

e N Va0 Vexe ]|
= Xe (%) J1,(X) + &x6 () I3, (x) + J5, (x).
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Then (Uf,’i, U;i) takes the form
(aEVU;'i, VU;’i)Q - (a";stfp, XSJIS‘I).Q
+e (agxgjfp, Xngq)Q + (agxgjfp, qu)g
+& (asxgjﬁp, ngfq)Q +¢&? (asxeff,,, X8J2£q)9 +e (aSXeffp’ qu)g
(a5 sty ) e (T w05y o+ (0S5 )
2. Let us proceed with proving that
(59550 e 05,) = 80| < Ce 43)
We have
(e dip i), = [ 220 V)

< [am+ OV Taw]| Ve ds

y=x

+ /9 X200 00 {VENO(y>a<y>+vyTN°<y>a<y>vyN<y>T}| 1) (x) V), () dx

y=x/e

+ [ 1200 VT fa) VNG + (9,80 ar) VANOT Ve a

y=x/e

+ / 1)) VT @ famVIN O+IIN 0 a) VN 0)T] o dx
2

y=x/e

+ / X200 W) VINC () a(y) VyNTO)| a0 ug (o) d.
2

y=x/e

Notice that the mean value of the expression in square brackets coincides with
the homogenized matrix [see (33)]. Integrating by parts, one can show that all
expressions in braces have zero mean, and, by definition,

/ VINO(3) a(y) Vs NO(y) dy = k2.
Y
Thus, by Lemma 4,
2
(as Xglfp, Xglfq)g — (ahom Vu(l),, Vug)g — (v?’i) K2 (u?,, MS)Q'SC&

Taking into account the orthogonality and normalization condition (35), we
obtain

@y JE 15) —s ‘SCS.
‘( Xedip» Xedig ) o = Opa| =

In particular, the L?(£2)-norm of x, pr is bounded for a small ¢ > 0:

2

IA

1+Ce<C. (44)

[IA

&
XeJl,, 2@ =
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3. At this step we show that
@ VU=, VU g — @ e T xeTEa| < Ce. (45)
Combining (44) with the evident estimate

2
£ /g x2(x) (pr(x)) dx| £ €&, (46)

we obtain
2 ‘(as Xe Eps e qu)g‘ <Ce. (47)

From (36), Remark 5 and the bound |2 \ £2;,:| < ce, it follows that

2 0,2, 0% 0,2 0,..\?
1 .- /Q(l—xsoc)) (mup(xn HGENOE) (i) ) dx
2
46 [ 9o (Vo) e dx
S CUR2\ Q2pel +e+ 267212\ 2pel) < Ce.
The last estimate, together with (46), gives
3 3 £ 3/2
e|(a xe sz,J3q)Q( < Ce2, (48)

As regards to the term (a® x. pr, qu) 0, it is not difficult to show that

‘(as x5y, qu)g‘ < Cs. (49)

Now (46)—(49) imply (45) which, in turn, together with (43) leads to the inequal-
ity

== ==
(VU= vug ), - 5pq| < Ce. (50)

In particular, the last estimate yields

+ 2 1
HU;’ HH > 5, e e 51)

Since Z/{f,’jE = ||Uf,’i||7_11 U;;’i, we have

2 2
e,+ e,+ _ e,+ e,+ e,+ e,+
[ ELIE U B (Pt Bl e W

-2
S

e
+”U18’ 3 O

The last inequality, (50) and (51) result in (42). The lemma is proved. O
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Taking into account (38), (40), (41) and (51), we obtain the estimate
eqs8,£ 0,£\—17/6,+ 3/2
[y —s00 5 U] < ce (52)

By Lemma 2, there exists an eigenvalue u,fl‘ji of the operator K?, where ¢; might
depend on ¢, such that

—1
,uf[’ji —¢ (v?’i) < Cced2, (53)

Since Ag’ji = (,uf]’ji)_l, there exist ¢; > 0 and a constant c¢; such that

&4 —1,0,% 12 )
)qu —& ’§c]s , £€(0,¢)).
Moreover, letting §1 in Lemma 2 be equal to @ &3/2 (the constant © ; will be cho-
sen below), we conclude that there exists a K (&) x s; constant matrix a® such
that

Ji+K (€)1 Coi
== e+ o—1 . . )
us*— > o, up <2 5 SCiO7" p=j..jtx—1,
k=J; H
&, e,+ . .
here u Iy Rk o) -1 A€ all the eigenvalues of the operator K¢ which

satisfy the estimate

-1
uot (v?’i) <0 (54)

Since the eigenvalues v?’i do not depend on ¢, one can choose the constants
€j > 0 such that the inter{/als (e(v?’jt)_l — @j83/2, es(v?’j[)_1 + @js3/2) and
(e?(\z,?’jﬁ)_1 — Oed?, zs(v,?’j[)_l + Ore3/?) do not intersect under the condition
v?’i + v,?’i and ¢ < min{g;, &¢}. Then the eigenvalue sets {ul‘i’i} related to
different v?‘i in (54) do not intersect for a small ¢.

Thus, we conclude that, for any v?’i of multiplicity »;, there exist K (e)

eigenvalues Ai‘i of problem (2) such that
i LT (R (55)

and the functions L{f,i admit the approximation

1) +K;(e)-1

Uyt — > et 2607 p=j..j+x—1, (56)
k=J;(e)
Denote J(j) = min{i € Z* : v?’i = v(/.)’i}. The main result of this section is

given in the following theorem.
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Theorem 3. Assume that a;j, p € L*°(Y) are periodic functions, and the func-

tion p has zero mean. Let v?’i be an eigenvalue of the Dirichlet problem (32) of
multiplicity s;. Then the following statements hold true:

1. Foreach j =1,2,..., there exist ¢; > 0 and a constant c; such that only the
eigenvalues )»SJ’(?), cees )‘gj’é)ﬂ{j—l of problem (2) satisfy the inequality

et 0+ 12 )
‘8)»(1 —v; Scje’s, €€(0,¢)).

2. There exists a unitary »; X s; matrix ¢ such that

J(j)+sej—1
D D e SCie'? p=J@G), . J()Hxi—1,
k=1(j) B
(57)

where

U5 () = ul(x) + & N (f) TYu(x) + e 0 NO (f) W), (58)

e e

Here the functions N, N° solve problems (24) and (25), respectively; eigenfunc-
tions ug of the limit problem (32) satisfy the orthogonality and normalization
condition (35). B
“Almost eigenfunctions” {U ,f ’i} are “almost” orthogonal and normalized in
the following sense:

(T, T %) = o < co. (59)

Remark 6. Since both v?’+ and v?’_ are simple, for ¢ € (0, 1), eigenvalues A‘i’i
are simple owing to Theorem 3.

Proof of Theorem 3. The proof consists of the several steps. First, we show that
columns of the matrix «® are "almost" orthonormal, and from this deduce that
Kj(e) = »;. Then we prove that J;(¢) = J(j) and Kj(¢) = ;. Finally, using
properties of the matrix «®, we derive (57).

1. A simple transformation gives

Ji+Kj()—1

e,+ e,+\ et e &% e,+
<Z/l[, Uy > = <up Z plty 5 Uy >
k=J;

]j-‘rKj(S)—l Jj+K_[(8)—l

e &% 5.6+ e &=+

+< Z it U™ — Z O‘kq”k>
k=J; k=J;

Ji+K(e)—1

& &

k=J;
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Taking estimates (42) and (56) into account, we obtain

Ji+Kj(e)—1

D, =g SCOT pg=T0), . TG+ — 1,
k=J;

and, in other words,
(o) Tay = 8pg| SCOFY pra=T( TG+~ 1 (60)

where «f, denotes a pth column in the matrix ®. The last inequality means that

J()+—1 . . L
the vectors {or?, } p(zj;J(r;;’ are asymptotically orthonormal. This property implies
. . J(j i—1
the linear independence of the vectors {(xj’sp}. Indeed, assume that {a_gp}p(:];?;;’
are not linearly independent. Then there exist constants ¢y, - . . , CJ(j)+;—1 Such
that
J(j)+xi—1
Z cras =0.
k=J(j)

Without loss of generality, we assume that ¢ ;) = 1 = max |cx|. Then

@yt D @y =0.
K=70)

Multiplying the last equality by ozf 10) and using (60), we obtain the inequality

‘(“fJ(D)T “f!(./)‘ =C;o;,
. . . . e 1 J(DH—1
which contradicts (60) if &; is small. Thus, the vectors {o! p} p=1(j) of length
Kj(e) are linearly independent. Obviously, it is possible only in the case
Kj(e) 2 ;.
2. Our next goal is to prove that any accumulating point of the sequence skj’i, as
& — 0, is an eigenvalue of problem (32).

Lemma 6. Assume that, for an infinitesimal positive sequence {¢i}, there exists a
sequence {j(k)} such that

&k, t+ Efs—
é‘k)»](k) havd B or 8kkj(k) e B

Then B is an eigenvalue of the limit problem (32). For any j, perhaps along a
subsequence,

e,+
8)\] —)IBJ,

e—0

where B is an eigenvalue of the Dirichlet problem (32).
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Proof of Lemma 6. Note, first, that due to the inequality K ; (¢) > »;j and (55), the
sequence {8)»5-’:‘:} is bounded for any j. Therefore, the second statement of Lemma
follows from the first one.

Since the eigenpair {A (kj)t, ) } solves problem (3), integrating by parts yields

+ + !
( Wiy s L5V = 2565 p% V)g =0 Vel ©

. o . +
In view of the normalization condition (9), up to a subsequence, ujk(}c) converges

weakly in HO1 (£2) to some function it*:

Ski

'l — i* weakly in H} (2), & — 0. (62)

In order to show that g is an eigenvalue of problem (32), for any v € C3°(§2) we
substitute into (61) a test function in the form

VE) = v(x) + e N (z) TV,0(x) + 62 25F N (g) (x)

where N and N° solve problems (24) and (25), respectively. Let us calculate the
expression LEVE — kj’ipg Ve

L9V () =250 (1) VE (1) = {—divy (@() Vov(x)) —divy (a(3)Vy N () Vyo(x)
355 divy (a0)V,NOG) v()) = 25 p(0) N Vaw(x)
—(e 2550 NO(y) v(x)} ‘y:x .
— [dive + 7 div,] (a0 V) Vo) |
25 [divy + ¢ div, ] () N°G) Viv ) |

= If(x,y)|

=x/e

e T )+ 5 ().

Recalling the definition of 2™ and «, one sees that the mean value of the expression
in braces takes the form

& . hom e+ 2 2
I/ (x,y)dy = =div(a™"Vv) — (8 A/ ) K“v(x).
v .
In view of (62), we have
( j(,j; /If(-,y)dy) — (ﬁi, —div(@™™Vv) —,Bzfczv(x))g, e — 0.
Y 2

Considering (62) and the smoothness of v, Lemma 4 provides that

X
(i - [ w) ~o o giw=1i(n3),
Y 2 €
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Then, integrating by parts and using the boundedness of a(y) and regularity prop-
erties of N and N, we estimate (uj"(}() ,15)q and (ujk(f):, I%) o as follows

et e .
‘( z<k>”2)g‘—

< Csk”VMj(}{) lL2(2) = Cex;

k£ 2,5 60E T e+ 0
‘( Jk(k>’138)9’: £k /V Ui @ ON ( )V U(x)dx'

§ CEk”VMJ(}() ”Lz(ﬂ) = CEk.

& / VI at Vx(N(y)Tva(x))’ dx‘
=x/¢eg

In such a way passing to the limit in the integral identity (61) leads to the equality
(ﬁi, £homy — (8)? k2 v)Q =0, veCPR).

Integrating by parts gives
(ch"mﬁi — (B2, v)g —0, veCPR).

Smce the space C{°(£2) is dense in H (£2), the last equality holds for any v €
H (£2), that means {8, ™} to be an elgenpalr of problem (32) if it # 0. Let us
assume that u”; (kj)t converges weakly in H'(£2) to u* = 0, as &g — 0. By the

definition of the eigenpair {1°}’ (k) , sk(kj)t} and normalization condition (9) we have

&k &,x ek, EY _ g ékE ek, £t e, £
1=a (”j(k) ) ) =% (p Wity Uk )
In the same way as in the proof of Lemma 4 one shows that

skt e, £ & ek, =+
(o) < o [

Lz(Q) H Vu /(k)

,+
/ (k) LZ(Q)

Combining the last two relations and taking into account the estimate |y Af( K | £C
we conclude that

Thus, ||#zt] = C > 0. This contradicts our assumption that #* = 0. Lemma 6 is
proved. O

sk +
0

=C>0.
L2(2)

Assume that K j(ex) > »; for some sequence & — 0. It means that there exist

¢;j > 0 and at least »c; + 1 eigenvalues )f" * of problem (2) such that
&k )\.Ski ?’i‘ §Cj8]1/2, L=Jje), ..., Jj(ek) + ;.

Then by Lemma 6 the corresponding eigenfunctions uf"’i converge to eigenfunc-
tions {u } of the Dirichlet problem (32):

2
Ehomﬁﬁcz(v?’i) KRiE, r=1,2,. 0+ 1.
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. . . - i+1 . .
It is straightforward to check that the functions {ufﬁ} r%_’ T are linearly independent.

Therefore, the multiplicity of v?’i is greater than or equal to s; + 1, which con-
tradicts our assumption. Thus, K (¢) = ;. Combining this relation with the fact
that for each j € Z™, any accumulating point of the sequence er®% ase — 0, is
an eigenvalue of the homogenized problem, we conclude that

lim eA5t = 0F,

e—0 J J
This completes the proof of the first statement of Theorem 3.
3. In order to prove the second statement in the theorem, we come back to bound
(52) and apply the estimate in Lemma 2 with §; = cj¢, ¢ being a sufficiently small
constant. In our case this estimate reads

3/2
Ust— " af,up™ S e o 2 — 1
» kp Uik S 5, = €', p=J,.. ]+ ,
keS(j.e) H

here S(j, ¢) is the set of eigenvalues ,uz’i of the operator KC° which satisfy the
estimate

-1
&,+ 0,+
ne= e (577)

the constant matrix «® is such that

(o5,) Tty = 8pa| SCie2 pra =T TN+ 1, (64

Scje (63)

From the first statement of the theorem we deduce that for sufficiently small ¢ > 0
the set S(j, ) coincides with the set {J(j), ..., J(j) + »; — 1}. Hence, we have

J(j)+i—1 Cg3/2
+ .+ 1/2 . .
Uf,’ — E a,ipui <2 5, §Cj8/, pP=J... jtxi—1,
k=J()) "

(65)

with s¢; x s¢; matrix «® which meets (64). It remains to use the following simple
statement.

Lemma 7. For any n x n matrix A satisfying an equality

IATA =L R" - R"[ =y € (0, 1),
there exists a unitary matrix B such that

[AB —; R" — R"|| = y;

where I is a unit matrix and

ID; R" — R"|| = sup ||D&§;R"|.

EecRN
llg: R =1

We omit the proof of this lemma which can be found in[12].
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According to (64) and Lemma 7, there exists a unitary s¢; x s; matrix 8° such
that

laf B8 —I; R* — R*I|| < Cel/2 (66)
If we denote by Z/{;’i Ut and u'; * the vectors (U5 uUsE T,

N N J J(J)"‘ J )+
&, &, B
(Uj(j)""’UJ(j)+% 1) and (uj(j),...,u](jH%._l) , respectively, then

e e+ s,j:”
U U

E et e,k egepet <. l/2.
+HUJ‘ Ui HH”J"LHUJ B U; HH”J':CJS ’

ﬂ:_ & éz,ﬂ: <
J p UJ H?f‘jzz

ofu sj: ,BUSiH é’

here we have also used (50), (66) and (65). The last inequality implies that
Jt—1
uht— D B USE| el
m=j H
In order to replace here Us* given by formula (37) with Ij,f{i defined by (58), we
estimate the H!(£2) norm of the difference

1057 = Un* oy = € “(I_XS)(NE)T H H(2)

with N¢(x) = N®(x/¢e). Considering the properties of x. and N(y), it is straight-
forward to check that

|us™ -~ ﬁrf{iHH'(Q) < cel2, (67)

which, in turn, results in (57).

+3j—1
Lemma 5 states that the functions {Z/lf, i}j ]

corresponding to the same
eigenvalue v;) * are almost orthonormal. Let u° p be an eigenfunction of the limit

problem (32) which corresponds to v,(,);i. Using formula (23) we construct L{g =
|Ug* 117 Ug™. By (52). we have

KEUSE = e (i) T UG +05(x), 10513 < Ce¥/%;
KUy ™ = e~ U +6;(0), 110711 < Ce¥2.

Multiplying the last two relations by Z/{g’i and Z/If,’i in H, respectively, and sub-
tracting them from each other, we obtain

0,4+ 0,
VTV
.+ A\ -1 T m ,+ ,+ 1/2
(it u*) = ¢ W[@?“ﬁ )= (o5 up*)] < e (e®)
m

J
This completes the proof of Theorem 3. O

From Theorem 3 we obtain the following convergence result.
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Corollary 2. For the sequences of eigenvalues (8) and (34) the following conver-
gence result holds:

Moreover, if v?’i is a simple eigenvalue, then ASE is also simple, for a small e,
and the corresponding eigenfunctions satisfy the relations:

ot —— % strongly in L3(R2);
J e—=0 J
X x
eutt —eN (—) Tvul — g 0= N0 (—) u? —— u® strongly in H'(2);
J e j J P R A
eaf VutT — ghomy,0 4 0% (aVN® u® weakly in L*(2),
i o i J

where (-) denotes the mean value over Y.

Proof. All the statements, except for the last one, are immediate consequences of
Theorem 3. In order to prove the convergence of fluxes, we estimate, for an arbitrary
function v € C;°(£2), the following expression

a*Vutt — g vyl — 0 (VN WYy
j VS J o

<c HV(uj’i _ ﬁ%i)‘

l U||L2(g)

J L2(R)
fVUSE —am vl — v (@ VNO) u, ) ‘
—i—‘(a ; a u; —v; (a )uj v o
By Theorem 3,
&t rret < (.o1/2
HV(uj 0 )‘LZ(Q):CJS .

A straightforward calculation gives
a(y) Vljji(x) — ghom Vu?(x) - U?’i {(a VNY) u?(x)
= {@o +amv,nen —a} | vade
y=x/¢
+0)* {aVuN°0) = @INO )| )
y=x/¢

+ea() VWO V0| o+ et Ea() N0 Ve |
y=x/e y=x/e
The first two items on the right-hand side have zero mean, thus, by Lemma 4
‘ | {aw +amvnvon —dr)| o vadw dx‘ < Ce;
2 : y=x/¢ .

‘/ [amv, V) = @IN)| W v(x)dx‘ga;
2 y=x/e



Homogenization of Spectral Problem for Periodic Elliptic Operators 773

Finally, using the boundedness of a;;(y), properties of N O(y) and the smoothness
of u?(x) we have

& / a(y) Vi(N() Veud(x)) v(x)dx| £ Ce;
2 y=x/¢
ev)® /a(y)NO(y) Veud(x) v(x) dx| < Ce.
2 y=x/¢

Summing up the obtained estimates, we arrive at the last statement in the corol-
lary. O

5. Negative part of the spectrum in the case (p) > 0

In this section we assume that (p) > 0 and deal with the negative part of the
spectrum of spectral problem (2) or the much more general spectral problem

[,C ()EC’ Vx) u(x) = rp (%) u(x), x e £,

(69)
u(x) =0, x €082

for a formally self-adjoint differential (non-necessary scalar) operator of the form
L(y, Vy) = D(=V,)" A(y)D(Vy)

with [0, 1]¢-periodic complex coefficients, the overline symbol stands for the com-
plex conjugation. As above we denote ¥ = [0, 1]¢.

In the case of the scalar elliptic operator with real coefficients we make the
same assumptions on the coefficients as those in Section 2.

In the more general case of problem (69), we assume that

1. D(Vy)isan N x K matrix of homogeneous first-order differential operators
with constant coefficients;

2. A(y) is a positive definite Hermitian N x N matrix; the elements of A and
their partial derivatives are Holder continuous [0, 1]¢-periodic functions. The
function p is Holder continuous.

3. There exists a positive ng € Z such that for any row (P (§), ..., Px(§)) of
homogeneous polynomials of degree n > ng with &€ = (&1, ..., &;), there is
arow (Q1(§),..., On(§)) of homogeneous polynomials such that P(§) =
Q(&)D(&). This property is called the algebraic completeness of D(€) (see
[16]).

Under these assumptions, the operator £ is formally positive and elliptic. More-
over, it possesses the so-called polynomial property (see [13,14]):

There is a finite dimensional subspace P of vector-valued polynomials such
that, for any bounded domain §2 C R4, the relation

(AD(V)u, D(V)u) 12k =0, ueC'(£2),

holds if and only if u € P|,.
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Lemma 8. Under assumptions 1. and 3. for any v € H(} ()X the inequality holds
true

Vil g 2y < CIID(V)vll 2(o)w (70)
with C = C(D, 2).

Proof. We set v = 0 for x € R? \ £2 and keep for the extended function the same
notation v, then v € H'(R¥). Applying Fourier transform to D(V,)v we obtain

1DV 2y = IPETE 2 gayn- (1)
Let us show that for some constant C = C(D) > 0
IDEn* = CIEF n?], & eRY, neRK. (72)

If we assume that (72) fails to hold, then there exist %V' # 0 and 7 # 0 such that
D(E)n = 0. Letting

P(&) = 7' |g*™

and using property 3, we conclude that there is a vector of homogeneous polyno-

mials Q(§) = (Q1(£), ..., Qn(§)) such that ' |£|*"0 = Q(§)D(§). Taking the
inner product with 1 and substituting = 17, we obtain the equality

17121E1%"0 = QE)D(E)i = 0,

which contradicts our assumption thaté # 0and n # 0.
Substituting (72) in (71) we derive (70). O

It follows from Lemma 8 and properties of A that (AD(V)u, D(V)v)2(o))k
forms a scalar product in Hé (K. Following the line of the proof of Theorem 1,
one can easily justify the following assertion (see also [11]).

Lemma 9. Under Conditions 1-3, the spectrum of problem (69) is discrete and
consists of the positive and negative sequences:

T st <L st
0 <Ay = A5 S

[IA

_)+o()’

=
O>A‘i’_§A2’_§---zkj’_§~-~—>—oo.

In the case under consideration, the negative part of the spectra of problems
(1) and (69) shows rather singular behaviour, as ¢ — 0. The analysis of eigenpairs
with negative eigenvalues will rely on the Floquet-Bloch decomposition. For the
reader’s convenience we recall briefly the results on the Bloch spectrum.

Given an operator of the form

L. Vy) = L3, Vy) + 1 p(y) = D(=Vy) AWD(Vy) + pp(y)
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with a periodic p € L*°(Y), u € R, we introduce the operator

L] (y, Vy) = e VL, (y, Vy) 27

=D(=(Vy + i2am) A) D(Vy +i2mn) + pp(y),

and consider a family of spectral problems parameterized by n € R?: find v(1, 1) €
R and 6(y, n; i) (not identically zero) such that

Ly, Vy) 0y, msw) =v, w0y, n;n), yevy,
0(y, n; ) is Y — periodic.

It is well-known (see, for example [3]) that under the above conditions 1-3, for
each n € RY, the operator L‘Z (v, Vy) has a discrete spectrum

vi(m, ) Svp(np) <o S vi(n, p) e +00.

in LZ(Y)X (or, equivalently, in H,; (Y)X). The corresponding eigenfunctions
0;(-,n; u) form an orthonormal basis in Li(Y)K. Moreover, v;(n, u) are
Y- periodic and continuous for all j, and the corresponding normalized eigen-
functions 0;(y, n; 1), 16, n; Wl 2(yy = 1, are measurable in 5. In [19] it was
shown that v;(n, u) and 6; (-, n; ) are analytic functions 1 everywhere except for
the subset of measure zero, where v;(n; ) changes its multiplicity. The family
{vj(§),0;(y, %)} is called the Bloch spectrum of operator L.
Any function g € Lz(Rd)K admits the representation (see [3,7])

o0
g(y) = / D8 0;(x.n; ) e dn
Y*

j=1

with
AL _ Tgy. . —i2wy-n
gim —/Rdg(y) 0j(y,n; m)e dy
and Y* = [0, 1]¢. Furthermore,

/Rd FO () dy =/Y*ij(n)§j(n)dn, fog e P®RHE.(73)
j=1

We will exploit a rescaled version of the above formulae. Given g € LZ(R%)X, we
define jth Bloch coefficient of g by

X _ x o
g =¢ "/2/Rdg(X)T9; (g,ss;u) e PE dx.

Then

s = [ S #©0 (2ekiu) e, (74)
e =1
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where (x, £) and (y, n) are related by

X

y=—- 7’]285
&

In the rescaled coordinates, formula (73) takes the form
e / FT 3G dx = / Z fo e 5@ de.

In the sequel it is convenient to extend the elements of the functional spaces
L?($2)X and H] (£2)X by letting them equal zero in RY \ £2. We keep the notation
for the extended functions.

One can see that, for any f, g € HO1 (£2)X, the following equality holds true:

(0 (5 92) £:8) 2 g = / IY*Z”’(EE W fee) @ de, (75)

where
(T V) f@ = e L V0| )
=DV A(5) D(V)f(x)+ 50(2) foo.

Indeed, making use of (74) and taking into account the linearity of £, and definition
of 6;(-, n; u), we have

Ly (z Vx) fx) = e?/? /s—ly* jiff(g)gu (z vx) [gj (g ek M) ei27rx~§] de
=< /g—IY* gf;(é) o @ 0 (f eg; M) dg.

Here we have used the relation
£ (5 9e) o (G600
= DY) A () DV 0, (St )
Lo (2o (et
_ Vs, 05 (5ot 1). (76)

g2

Finally, recalling the normalization condition for 8; (-, n; 1), we obtain (75).
Consider now the auxiliary spectral problem

L(y, Vyu(y) = D(—Vy)TA(y)D(Vy) v(y) = pp(y)v(y), 77
with v € H,} (Y)X (or, equivalently, v € L3(Y)¥).
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Theorem 4. Let (p) #~ 0. Then the spectrum of (77) consists of zero and two infinite
sequences

O<uf Spy S SpfS...— +oo,
J—00

O0>py Zpy S 2p; 2+ —> —o0.
J—>00

Proof. Without loss of generality, we assume that (p) = 1. Consider an operator

La(y, V) = L, V) +a p(3) = D(=Vy) AWD(Vy) +a p(3)
Lemma 10. There exists ag > 0 such that for any a € (0, o) and for all u €
H#l (Y)X the inequality holds

Loy, Vy)u,u) Z y@llulZagye. v(@) > 0. (78)

Proof. Denote (1) = [, u(y)dy. Thenu = (u) + i with it = u — (u). By [16] we
have

||VM||L2(Y)Kd = C(||D(V)7)M||L2(Y)N + Ill/l”LZ(y)K).
This implies

19012 0 < € (L0 Tyt w) 2y + Tl ) - (79)
Let us show that for any u € H#l (Y)X such that (i7) = 0 the bound holds

1131y x < 11DVl (80)

(OOl

To this end, it suffices to develop & in Fourier series & = >, nx exp(2wky).
keZ\{0}

Then the bound (80) can be obtained in exactly the same way as estimate (70). We

leave the details to the reader.

The estimate (80) implies the inequality
Il 31 pyx = €1 (L0 Yy, i) oy xc @1
Considering the fact that p € Lg°(Y), we deduce
a(pu, 1) 2pyx = ol ()2 +2a((u), pit) 2k +a(pi, i) 2y
za|<u>|2—§|<u>|2—2a||p||im(y)||»7||2LZ(Y)K —allpllzom 72k -
Summing up (81) and the last inequality, we get

o

5 ()]

(Lo, Vit ) iy 2 (€)™ = 200101 o) — ol oo 122 +

Choosing ¢« > 0 to satisfy the inequality

200)

79

we obtain (78) for all @ € (0, og) with y(a) = «/2. This completes the proof of
lemma. O

()" =20l pll7y) — @ollolloy) 2
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Applying exactly the same arguments as those used in the proof of Lemma 1,
we conclude that the spectrum of problem

(Lao(y, Vy)u(y) = o (y)u(y)

is discrete and consists of two series

0<if SAf< Sif< — +o,
J—00

0>y 2y S 2ij 2 — —o.
j—o0

Then the spectrum of (77) is also discrete and consists of ([Lj[ — ap). Clearly, 0 is
an eigenvalue of (77), and the desired statement follows. O

Using variational arguments, one can also show that

— uy =inf{(AD(Vy)v, D(V)) 2pyk = v € Hy (X, (pv, v) 256 = — 1}
(82)

In particular, —u; can be determined as the maximum of all positive numbers
> 0 such that the quadratic form

£, v) = (AD(Vy)v, D(Vy)) 12(yyx + 1(PV, V) 12(yyk (83)
is non-negative:
— i =sup{u >0 : & (v,v) = 0forallv e Hy (V)X). (84)

The statement below is an immediate consequence of the polynomial property
of operator D and the fact that v;(n, u) depends continuously on u and 7.

Proposition 1. There is o > 0 such that vi(n, u) > 0 for all © € (0, wo) and
nevyY*

Proof. Assume that in any neighbourhood of zero there exists a point wu such
that vi(n, u) < 0 for some 7. In other words, assume that there exist a sequence
ur — 0, as k — oo, and n; € Y* such that vy (g, ux) < 0. Or, equivalently,

(L35 61 Comes ). 61 ¢ “k))Lz(Y)K <0

Without loss of generality, we assume that 9y — 10, as k — 00. Making use of
the last inequality, due to the normalization condition, we have

101G e il i vyx = C,

where the constant C does not depend on k. Thus, up to a subsequence, 01 (-, nx; k)
converges weakly in H L(Y) to a function 0, as k — oo, such that

(£6% 0o QOO)LZ(Y)K = 0.

Taking into account the polynomial property and the periodicity of the vector 6,
one can see that O is a constant vector such that |0 |2 = 1, and 7o, = 0. Thus,
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101 (-, mks i)l = 1+ vk, where [l ykll2(y) — 0 as k — oo. Using this representa-
tion one readily gets
(LI 01Comes 1) 01Cmic 1400) 2,y > 0.
We have arrived at contradiction. The proposition is proved. O
The last statement allows us to define the following quantity:
p=sup{uw>0:v(n wn >0forallneY*}. (85)

Proposition 2. The constant [i defined by (85) possesses the following properties:

1. n<oo;

2. There exists a point ny € Y* such that vi(no, it) = 0. Moreover, ng is a minimal
point (strict or not) of the function n — vi(n, iL).

3. vi(no, it +38) < 0 forany$ > 0.

Proof. 1. Itis sufficient to show that there exists ;1o < co such thatvi(n, u) < 0
forall n € Y* and u > po. By the minimum principle, we have
vi(p, w) = inf (EZ v, U)Lz(y)K.

1y K
veH(¥)

1ol 2y =1

Consider the eigenfunction v, (y) corresponding to the eigenvalue | of the
operator L(y, Vy). Then fy p(y) |v1_(y)|2 dy < 0 and

vi(n, ) = /Y (D(Vy +i2mn)vy (1) T AG) (D(Vy + 2y () dy

+u /y p () lvy (MI*dy.

Notice that the first term in the sum on the right-hand side is a uniformly con-
tinuous function 7. Thus, one can find wg > 0 such that vi(n, u) < 0,n € Y*,
> o.

2. Assume that vi(n, it) > 8¢9 > 0 for any n € Y*. Since v; is a uniformly con-
tinuous function on Y* x [t — 1, it + 1], for any § > 0, there exists y > 0
such that

i, n) —vi(, m| <4
as soon as | — ft| < y.For § = §p/2 we obtain an inequality

S0
2 b
which contradicts the definition of . Thus, there exists 9 € Y* such that
vi(no, 1) = 0.

Assume that 7)¢ is not a minimum point of vy (-, it). In other words, assume that
vi(n, i) < 0 for some n; € Y*. By the continuity arguments, there exists
8o > 0 such that vi(n1, n — 8) < 0,6 € (0, dp), that again contradicts the
definition of fi.

vi(u, n) 2 we (i, L +y),
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3. Forany n € Y*, by the minimum principle, we have

v, i +8) = inf (z'l v,v)
" venbink N AT T 2k
10l,2 1y k =1
= inf (L'Zv,v) + 6§ (pv,v);2 x].
veHé(Y)K [ 1% LZ(y)K Y L=(Y)
1ol2, )k =1

Choosing n = ng (the minimum point of vy (-, 1)), we use 61(y, no; i) as a
test function in the last formula and obtain

vi(no, it +8) < vi(no, 1) + 8 / p(M161 (v, no; i)|* dy.
Y

As was proved above, vy (19, t) = 0. Thus,

/Y P01 (y. no: I dy

- T . — _
= (D09, F727m) AQ DV, +i20) 01 ¢, 103 [0, 61 103 D)) <0,
and, consequently, vi(ng, & +8) < Oforany§ > 0. O

Due to the minimum principle, £#(v,v) = 0, v € H#}(Y)K, if and only if
v1(0, u) = 0. Therefore, in view of (84), we have

—py =sup{u >0 :v(0,n) 20}
Considering Proposition 2, one can see that
—puy =sup{u >0 :v(0,n > 0}.
Obviously,
—uy Zsup{u >0 :vi(n, u)>0foralln € Y*} = 1.
The next lemma concerns the case of a scalar elliptic operator.

Lemma 11. For the scalar symmetric elliptic operator L,, defined by

Lv(y) = —div(a(y)Vyv(y)) + ne(y)v(y)

with the real coefficients a;j and p, the minimum of the corresponding Bloch eigen-
value vi(n, W) is attained at zero, that is

V10, ) = min vi (0, 1), i, ) > 010, @) if n € Y7\ {0}.

Furthermore, the eigenvalue vi(0, ) is simple.
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Proof. Denote
LZv — e 12Ty Ly el 2y Yy,

Without loss of generality, we assume that the first eigenvalue of the operator £, is
equal to 0, that is v1 (0, ) = 0. The corresponding eigenfunction of £, is denoted
by 61. Notice that, v{ (0, u) is simple and, under proper normalization, 01 (y) > 0,
y € Y. We need to show that vi(n, u) > 0 for n € Y* \ {0} or, equivalently, that
(EZU, V) 2y > 0forn e Y*\ {0}, v e H# (Y).

Let us represent v € H,} (Y) as the product v(y) = 61(y) w(y). Then

(EZU’ U)Lz(y) = (e~i2Ty N L, 2N w, 0, w) 2y
= (e NG L, 601N w, W) 2y
Straightforward computations yield
01 L, 6w = —div (a 912Vw) ;
here we have used the fact that vy (0, ) = 0. Then

(L0, v)L2(y)

= /IV(91 () (Vyw(y) + 2 w(y) " ay) (Vyw(y) + i27rnw(y)) dy.

Recalling that w is a periodic function, one shows that the last integral is equal to
zero only if n = 0 and w is a constant function. Lemma 11 is proved. O

Remark 7. In view of Lemma 11, in the case of a scalar elliptic operator with real
coefficients ¢ = —u; and v1(0, —pu;) = 0.

We proceed with the first result on the negative part of the spectrum of the
original problem.

Theorem 5. Under the assumption (p) > 0, the principal negative eigenvalue in
(69) satisfies the relation

&,—
)”l

A

1 _
2t
with {1 defined in (85).

Proof. The proof relies on the representation (75) and on the variational represen-
tation of A7~ . We recall that

— AT =sup {A >0: & (u,u) Z0forany u € HOI(Q)K} (86)
with

&

€5 (u, u) = /Q (@00 A(Z) DV +2p (<) 10?) ax
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By the definition of ji, for any i € (0, 1) the inequality holds true
Vi) >0, j=1,2,..., neY* (87)

Therefore, according to (75), for any u € H& (2K,

€5 (it u) = / ((D(mu)TA(f) D(%)H%p () |u|2) dx
3 < E )
=2

s ae (88)

with
i) = g—d/z/ u(x)0; (f, gk ,1) /27 gy
R4 &
Since, owing to (87), we have v;(e&, 1) > O for any &, then 53/82 (u, u) = 0 for

any u € HOl (£2)X. Due to (86) this yields —ATT 2 Q/€? for any L < ji. Thus,

&,— 2
_)\_1 ,

1\

/e

which completes the proof. O

5.1. Negative part of the spectrum in the case (p) > 0. Scalar operator with real
coefficients.

In this section we consider scalar operators with real coefficients, so that the
studied eigenproblem takes the form

[ —div (a (f) VMS(X)) =2p (_) ut(x), x €2, (89)
W) =0 X €982

As was already noted in Remark 7, in the case under consideration we have

i = —p; so that, by Theorem 5,
AT ey

Furthermore, by the standard variational arguments (see [8]), or Krein—Rutman
theorem, v1 (0, —p; ) = 0 is a simple eigenvalue, and, under proper sign choice,
01(y,0; —u;) > 0. For brevity, we denote

P(y) =01(y,0; —uy) > 0.

In the next step we factorize spectral problem (89) and introduce a new spectral
parameter as follows

£ X & & 1 — £
u (x):ﬁ(g)v (). X = Sy i, (90)
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therefore, uj(x) = /8)1)? (x). Multiplying the resulting equation by 9 (x/¢),
after straightforward rearrangements, we derive the spectral problem for v® and «¢:

—av (0(5) 0 (2) vor) =0 (2) 0 () v e g
v¥(x) =0, x € 052.

Notice that since 0 < _ < 9 (y) < 9#T < 400, the new spectral problem (91) is
equivalent to the original one (89).

Considering (82), we conclude that fy ®(y)? p(y)dy < 0. Under proper nor-
malization of ¥ (y) one can assume without loss of generality that

/y 3(5)% p(y)dy = —1. 92)

Denote, for the sake of brevity, ay (y) = 9 (y)%a(y) and py (y) = 9 (y)?p(y).
Since, due to the Holder continuity property of ¥ (y), ¢ € L%®(RY), then ay (y) €
L®(R?) and py (y) € L>®(R?). In view of (92), and due to the uniform ellipticity
of the operator on the left-hand side of (91), Theorem 2 applies to the negative part
of the spectrum of (91).

For (91) the effective spectral problem reads (see Section 3)

—div (agovao(x)) =—k"%), xe, ©93)
V0(x) =0, X €08,

where
= [ ar) +ar»)v, 5,07 dy

and Ny is a unique solution of zero mean of the following problem with periodic
boundary conditions:

—divy (ay (Y)VyNy (y)) = divyay(y), y €Y,
Ny € H} (V).

Denote by K;-) and v? (x) the eigenvalues and corresponding eigenfunctions of spec-
tral problem (93). Notice that

0>K?>K§§K§)Z~-~§K?Z~--—>—oo as j — oo.

Proposition 3. For the eigenvalues st. and K? of problems (91) and (93), respec-
tively, the following convergence result occurs:

e 0 .
k8 — K3, =1,2,...
Jes0 /

]f;(}) = K?+1 =... = K?+;4/-—1 is an eigenvalue of multiplicity >; of problem (93),

then there is a unitary »; X s; matrix B = B®(j) such that

e & e T_ pe & & & T <(.o1/2
@5 00 ) T8 (Vs Vo Vi ) ”<H'<9>>”fch‘9
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with
P 0 X 0
ncwzugm+wNﬁ&jv%uy
Recalling (90) we obtain the following result.

Theorem 6. If (p) > O then, under our standing assumptions,

1. forany j e N

- & 0
AT —— — «
j 2 o0
Moreover,
em_ Mol <
Aj 2 Ki| =cje’”.
2. Let/(j =K = TR be an eigenvalue of multiplicity »; of problem

(93), then there is a unitary s; x »; matrix B° = B°(j) such that

&—  &— &— T X 5(0 0 0 )TH
u . u . el U — - V:, UV v, U
H( VA ’ -/+%j71) p (E‘) ﬁ VARSA R ’ /+%j_1 (L2(Q))%j

< el

Remark 8. The last theorem states, in particular, that the eigenfunctions u‘;.’_ (x),

||u§.’_ l2(2y = 1, admit, perhaps along a subsequence, the asymptotic representa-
tion

_ X _
up(x) =6 (g, 0; —p ) () + ¥° (),
where v0(x) is an eigenfunction of the limit problem

—div (Vo (0) = =9 100, ¥ e 2,
V() =0, x €082,

normalized by ||v0||Lz(_Q) = 1, and the L?(£2) norm of y* vanishes, as ¢ — 0.

Remark 9. When studying the negative part of the spectrum, it is convenient to
use the normalization ||uj.’_ ll 2(2y = 1 for the eigenfunctions uj_ instead of (9),
because, due to the presence of the fast oscillation, under the later normalization
condition the L°°(£2) norm of ui.’_ vanishes, as ¢ — 0.
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5.2. Negative part of the spectrum. General case.

In this section we consider general spectral problem (69) and assume that con-
ditions 1-3 in Section 5 are fulfilled. Our goal is to obtain a lower bound for A7 .

Theorem 7. If (p) > O, then the first negative eigenvalue Xi’f of problem (69)
satisfies the estimate

i . i
—S—Z—CSM §—8—2 %94)
with a constant C which does not depend on ¢.

Proof. Let o € Y™ be a minimum point of v{(n, i) on Y*; if it is not unique, we
choose one of them. Denote

Do (V) = 01(y, no3 /1)
By virtue of Proposition 2, we have

vi(no, ) =0,

vi(n, @) 20 ney”
Clearly, the sesquilinear form

EinDngs Ony) = /Y (D(Vy + 27in) 0y (1)) T AG) D(Vy + 27in) 9y, () dy

+it /Y P 9y (M1 dy

considered as a function of n € Y*, is differentiable in  and has a minimum point
at no. Differentiating this functionin n;, j = 1,2, ...,d, yields

/Y D(ej)vy, 8 AMD(Vy + 2min)dy, (y) dy

+ /Y DOV F IOy AG)D(e)) 0 () dy = 0

(95)
for any basis vector e; € R?. Notice also that (PVngs Ono) r2(yk < 0.

function with zero mean value, and ¢ is a C?(£2) function with a compact support
in §2, then

‘ | e (5) ot 96)

In order to justify this estimate, one can introduce G as a periodic solution of
the equation AG = g in the periodicity cell Y, and set J(y) = V,G(y) so that
g(y) =div,J(y). Then

We will repeatedly use the following simple estimate: if g is a periodic L>(Y)

< ce

/Qg(%c) o (x) dx =e/QJ(§) Vo (x) dx.

Repeating this trick once again, we obtain the desired estimate(96).
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Itis convenient to introduce the notation A° (x) = A(x/¢) and p° (x) = p(x/e),
then the variational representation of )ﬁ’* reads

— A7 T =inf {(A*D(V)u, D(V)u) 2ok = u € Hy ()X, (p°u, u) p2(gyx =—1}.
o7

Lety € CSO(Q) be a scalar function such that
Y 20, x e / Wotdx = 1.
Q

Assuming the normalization f y PO P () |2dy = —1, we evaluate the quantities
(AE'D(VX)M, D(VX)U)LZ(_Q)K and (,Oel/l, M)LZ(Q)K
in (97) at the test function

2ing -
Ue(x) = ¥ (x)0y, (z) exp (w) .

By (96), we easily derive
[(0°Us, Ue) 2@y + 1] £ Ce? (98)
We proceed by substituting U, in the sesquilinear form

(ASD(VX)UEa D(Vx)Ug)LZ(Q)K

1 2 - T .
= — D(Vy +2 s AD(Vy +2 s dx
82/91# ) [y + 2710955 0D AWDy + 21im0) 0y ]|

1 - T
2 [ v [ T 200,00 ADDE v 0|
&JQR y=x/e

1
+- /ﬂ ¥ ) {DETF @00 ANy + 2mim) 2y )|

+ /Q [PTI@0 N ADDTy o] - d

y=x/¢
=h+hbh+1+ 1.

We begin with estimating /. By the definition of /& and 79, and due to the normali-
zation of ¥, the mean value of the function in the braces is equal to /. Therefore,
by (96), we have

7

— | <.
g2

I —

By (95), the mean value of the function

Y>y= (D(V, + 2ﬂi770)19n0(y))TA(y)D(Vxlﬁ(X))l‘/‘no )
F(D (Ve (x)) 0y, (y))TA(y)D(Vy + 27in0) 0y, (y)

vanishes. Thus, the contribution of the sum /> + I3 vanishes as well while ¢ — 0.
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Evidently, I4 is uniformly bounded: |I4] < C.
Summarizing the above estimates for I,, g = 1, 2, 3, 4, and (98), we conclude
that

__ M
2T <= 4.
1 = 82

The upper bound in (94) has been proved in Theorem 5. The whole proof is com-
pleted. O
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